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Abstract

A method is proposed for evaluating generalized X-ray
scattering factors (Fourier transforms of products of
atomic orbitals) in the two-center case with Slater-type
orbitals. This method is especially appropriate if one of
the Slater exponents is considerably larger than the
other.

Introduction

In a previous paper (Avery, 1978), an approximate
method was proposed for calculating the generalized
scattering factor

X, (S)=[d*xexp(S.x)y,(x—a)y,(x—b) (1)

in the two-center case where y, and y, are Slater-type
atomic orbitals (see also Harris & Michels, 1967;
Avery, 1975; Stewart, 1969; Monkhorst & Harris,
1972; Graovac, Monkhorst & Zivkovic, 1973; Avery
& Watson, 1977). In the present paper, an alternative
method will be discussed. This method is especially
appropriate in the special case where one of the Slater
exponents is much larger than the other.

Suppose, for example, that y, and y, are ls Slater-
type atomic orbitals located on different centers, so that

X, = N,exp(={'Ix— al), Q)
%, = Ny exp(=¢ix— bl),

where ¢’ > ¢ and where N, and N, are normalizing
constants. Since y, is much more sharply localized in
space than y,, it follows that the main contribution to
the generalized scattering factor X, will come from the
region in which y, is localized, i.e. the region near x =
a. Therefore, we can approximate X, by expanding yx,
about the point x = a.

Expansion of y, about x = a

Let
R=b—a, 3)

then
Ix—bl=Ix—a—RI 4)

and, in our illustrative example,
X,,(8)
=N, N,exp(iS.a)[d*xexp{iS.(x — a)
—¢'lx—al —¢lx—a—RI}
=N, N,exp(iS.a) [ d* xexp (iS.x

—{'Ixl = {Ilx — RI). 3)
We now expand |x — R in the series
© r\!
Ix—RI=R > Q) (—), (6)
=0 R
where
x.R
y= R =cos 6,
r=Ixl, )
and
Q=1
Qi=—y
Q,=31-9Y)
Q:;=1(y—7?
Q,=3(=1+6y"— 5y
Qs =1(=3y + 109® — 793, etc. 8)

and, in general,

1
Q) =2 P -PMI (22, )

In (9), the P;’s are Legendre polynomials. From (6) and
(8) we have

exp (—{lx — RI)
© !
= exp (~LR + ) exp {—CR 3 00 (%) }

=exp(—(R + k.x)expla,r’ +a;r* + a, r* + ...}
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=exp(—(R + k.x) {l +(arP+a;r3+..)
+ e (@arr+a,r+...)?
1
+ y(azr2 +a,rr+..)+ }

=exp(—(R + K.x) {1 +a,rP+a,r

+ (a4+%a2a2)r“+ (a5+a2a,)r5+...}, (10)
where
¢
_ > 11
K 2 R (1
and
al:CIQ,zII—(—yl)' (12)

Collecting terms in the various Legendre polynomials,
we obtain

exp(—{lx—Rl)=exp(—{R + k.x) OZO P(p)g,(r), (13)
1=0

where

R (1 2 ) al 14
8s 5 +7CR R + ..., elc. (14)
We have tested this expansion numerically, and find
that for {R < 10, the terms shown in (14) are sufficient
to give five-figure accuracy for /R <0-1.

In the range 0-1 < (/R) < 0-2, the terms shown in
(14) give three- or four-figure accuracy. Greater
precision could of course be obtained by extending the
expansion of higher powers of (r/R)". Notice that when
y=+1, Q)(y) = 0 for / > 2; and therefore when y =
+ 1, we have the exact relationship:

exp (—{lx — Rl) = exp(—(R + k.Xx). (15)

GENERALIZED SCATTERING FACTORS AND FOURIER TRANSFORMS

From this it follows that

Z P1(l)g1(r)= Z gnN=1
1=0 1=0
and
[o 0] 0
Y P(—DgN=3 (-D'gn=1, (16)
=0 =0
so that
> gW=1 and > gn=0. (17)
1=0,2,4,... 1=1,3,5,...
Substituting (13) into (5), we have
X,,(S)=N,N,exp(iS.a— (R)
x (A3 xexpli(S—i).x— {'r}
© R
x> P &i(n. (18)
=0
Generalized Fourier transforms
From (18), we see that if we let
E=S—ix, (19)

the integral will resemble a Fourier transform, except
that the scattering vector ¢ will be complex. Therefore it
will be helpful in evaluating integrals of this type if we
can generalize Fourier transform techniques to include
cases where the scattering vector is complex. One can
show by analytic continuation that the identity

exp (i&.x) = Z Q21+ l)P,%)J,(ér) (20)

is valid when §is complex. In (20),
E= (O ={(S —ix).(S — v} (2))

where the j,’s are spherical Bessel functions of order /,
and the P,’s are Legendre polynomials. It does not
matter which of the two values of the square root is
chosen for &, since the phase factor cancels out of the
expansion in (20). Substituting (20) into (18), and
making use of the identity

dQP(ﬁxP x.R 4n 5 ({R
HaPg )P Tr) =2t P\ )

(22)

we obtain for the generalized scattering factor of (18):
X, (S)=4nN,N,exp(iS.a— (R)

[o 0] 'R [o 0]
x 3 ilP, (‘:—) [ drrg(Pj(E@e . (23)
=0 éR 0
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The functions g,(r) which appear in (23) are expressed
in terms of powers of r/R by (14). Therefore, X, (S)
can be expressed in terms of radial integrals of the
form:

Joy= fdr e (&)er. (24)
0

These integrals are easy to evaluate (see Stewart, 1969;
Harris, 1973; Avery & Cook, 1974; Avery & Watson,
1977). By integration one obtains:

1
R

20
J20= (& + )

and the integrals J, , with higher values of # and { are
obtained from the recursion relations:

2v&
Jv+l,v: éz‘*‘ C'Z Jp.v—l

, 2v+ 2
Jv+2,v= C 62 + C'Z Jv+l.v

(25)

Ju+l,v= 62 + C'Z {Z'UC’JMV

— @+ )—v—DJ,_, (26)

In terms of these integrals, the generalized scattering
factor of our example becomes:

851
X,,(8)=4nN, N,exp(iS.a—(R)

¢ &
X {(JZ'O—E—EJ“’O +—1—5E5J6’0+

+i€'R(_C +2C2 )+ t]
m— ﬁ 5,1 - e ... el .
(27)

¢R
In applying this method, it should be remembered that

T LRI NCR Y (28)

is a complex number and that ¢is also complex.

We thank Professor R. F. Stewart, Dr E. L. Mehler
and Lektor L.-E. Lundberg for helpful discussions.
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